Let A be an abelian group and B a complete Boolean algebra (cBa). The Boolean power ACB) consists of all f such that uif(u) = 1 and f(u) r\f(v) = 0 for u # Y, where (f + g)(u) = V_,,+,,,f(v) A f(w). Since E is countable, ZcB) can be defined for any countably complete Boolean algebra (ccBa) B where Z is the group of the integers. This kind of group was first (1962) studied by Balcerzyk [l]. However, it seems that not much attention was paid to such groups for a rather long period. Under the point of view in [l, Theorem 51 and [13, Proposition 11, it can be said that there has been studies about it after around 1980 [5][6][7][8][9][10][11][12][13][14][15][16][17][18]24,29,30].
co< h(x) (u,J and c1 G h(x) (u,) . Since n! 1 x -x,, n! IQ--x,a for k=O, 1 and n < w and hence n! 1 u. -u1 (n < co). This implies u. = ul, because A is reduced and torsion-free. Now, let h*(x) = a,, then h* is a nonzero homomorphism from ttoA.
q Let C, (=RO( "K)) be the cBa consisting of all regular open subsets of a topological space OK, where K is discrete and "K is endowed with the product topology. It is well known that every Boolean algebra is completely embeddable in C, for some K [25] . Therefore, as we noted in [16] a group A is &free iff A is isomorphic to a subgroup of Z (G) for some K. Here, we show that the groups i?cK) can also be used to characterize cotorsion-free groups, which is on the line of [30, 6] . The proof of the next lemma can be found in [22] . However, since the fact is fundamental and the proof is short, we include it for the reader's convenience.
Lemma 1.2 [22]
. Let A be a cotorsion-free group and h be a homomorphism from E" to A. Then, the set {m < w: h(e,) = a} is finite for each nonzero a E A, where e,(n) = S,, for m, 12 < 0.
Proof. Suppose that {m < o: h(e,) = a} is infinite for some nonzero a EA.
Without any loss of generality we may assume h(e,) = a for all m < w. Any element x E 2 can be written as x = C* n<o~n, where x, E Z, n! 1 x, (n < o) and the infinite sum is considered under the Z-adic topology. Define h*(x) = h(C,<, x,e,), where C,<, ,, ,,
x e is the function whose value of n is x,. Since A is reduced and torsion-free, h * is well-defined and a nonzero homomorphism, which is a contradiction. 0
We refer to [14] for the definition of a quasi-sheaf over a ccBa. Boolean powers of abelian groups over ccBa's have quasi-sheaf structures. Though we state-the next lemma for quasi-sheaves, the reader may consider S" as a Boolean power XB in the lemma as far as the other parts of this paper concern. and suppose that V,,<, b, (= c) does not belong to I,,. Then, there exists x E S" such that pi(x) = 0 and h(x) # 0. Let x, be the element such that pii = 0 for i <n and pi.(xn) = pd(x), where c,, = VmB,, b,. Define Q, :P+ S" by &%l<, a-e,) = C,,, a,~,. Since pL,(x,,) = 0 for almost all n, rp is a well-defined homomorphism. pf,(x -x,) = 0 and lcn E I,, and hence hq(e,) = h(x,) = h(x) # 0 for all 12 < w, which contradicts Lemma 1.2. Next, we show that Z,, is K-saturated. Suppose not. Then, there exists a family {b,: cr < K} such that b, $ Z,, and b,r\b,~Z~ for cu#/3, and also {x,:(Y<K}cS" such that h(x,)#O and PQ&) = 0. S ince the cardinality of A is less than K, there exist {a,: n < o} c K such that a;, # cu, for m fn and h(x,) = h(x,) #O for all m, n. Since b, A b, E Z, for a # p, we get y, E S" (n < o) and a pairwise disjoint family {c,: n < w} such that ~;~,(y~)=o and h(y,)=h(yn)#O for all m,n<w. Define $J:Z"+S" by +(C n<. a,e,) = C,<, a,~,. Then, hq(e,) = hq(e,) # 0 for all m, n < w, which is a contradiction.
•i As we noted in [14] , there is a sheaf S over C, such that S" = 7?ccK). Now, the implication (1) -+ (3) is clear from Lemma 1.3. It is enough to show the implication (2) ---* (1). If A includes a nonzero torsion group, then we may assume that the cyclic p-group is a subgroup of A for some p. Of course, zCcK)/pZCcK) # 0 and hence we get a nonzero homomorphism h : Zccx)+ A. The case that A is not reduced is clear, since hccK' is torsion-free. In the other case, A must include a subgroup isomorphic to JP for some p. Since J, is algebraically compact and HccK) includes a nonzero free pure subgroup, there exists a nonzero homomorphism h : ZCCx'+A. 0
We refer the reader to [20, §85] for information about type. Let A be a group of homogeneous type. Then, it is easy to see that the Boolean power A@) also has the same homogeneous type. Therefore, we get the next corollary from Proposition 1.1 and Theorem 1.4. (See also [8] for this topic.) Corollary 1.5 (Gobel and Shelah [21] ). Let A be a cotorsion-free group. Then, there exists a cotorsion-free group X such that Hom(X, A) = 0. Moreover, we can take X with a given homogeneous idempotent type.
Let A be a group of cardinality less than the least measurable cardinal p. If F is a countably complete ultrafilter on Z, then F is p-complete as is well known and hence At/F -A and Hom(A'lF, A) f 0, where AI/F is an ultraproduct [19] . Here, we show that the condition of the cardinality of A is necessary. Proof. Let DP be the countably complete subalgebra of C, which is generated by {b,,: n < w, cr < p}, where the b,, are defined in the proof of Theorem 1.4. Let A=Z@@), then ID,l=u, IAI=ucl"=u.
If F is not countably complete, At/F is algebraically compact as is well known [19, Lemma 1.81, hence we get the conclusion. Otherwise, we use an elementary embedding of the universe and hence refer the reader to [26] 
. •i
Remark. Let V@) be a Boolean-valued model [4] . If A is cotorsion-free, then IlA" is cotorsion-free11 (B) = 1 by Proposition 1.1 Actually, Proposition 1.1 is a little bit stronger, i.e. Hom(J,", A") = 0 in VcB) for any prime p. A group A is slender if A is cotorsion-free and does not contain a copy of E". We do not know whether A" is slender in V @) for a slender group A in general. We have introduced a stronger notion 'primitive slenderness' in [18] and used the fact that the above proposition holds for primitive slenderness. The affirmative answer to this question would improve some results in [18, 95] .
Algebraically compact groups
A couple of equivalent statements for algebraical compactness of abelian groups are known [20, Theorem 38.11. Among them we adopt the following due to [7] :
(1) In n! 1 a,,,, -a,, (n <or), then there exists a EA such that n! ( a -a,, (n < 0).
(2) U(A) = U( U(A))
, where U(A) = n,,,, nA.
Algebraical compactness of Boolean powers was first studied by Balcerzyk [l] . We proved that Jy' is algebraically compact iff B is (0, 2)-distributive for a cBa B [14, Proposition 41. This holds also for a (2K")+-complete Ba by the same proof. According to the next method we must confine ourselves to cBa's, but it will clarify the behavior of algebraical compactness of Boolean powers. In the following we assume that the reader is familiar with Boolean-valued models VCB) [4, 27] . We assume that VCB) is separated, i.e. 1(x =~ll(~) = 1 implies x = y. For x E v(B), Xh = {y E vCB)* Ily EXIICB)= l}.
(We abbreviate "II . . . I$-+~ by "II. . .II".) An element x of ACB) can be written as IS,, ~~1~ , where aA E A (A E A) and {&: )c E A} is a pairwise disjoint family, i.e. b", s 11x =*(aJv 1) (A E A) and lVls,, I b < 1(x = 011. This notation is common with that of [lo] . The fundamental fact is that the Boolean power ACB) is isomorphic to (A")". For any group X in VCB), i.e. 11X is a group)1 = 1, there exists a sheaf (S, p) over B naturally corresponding to X [14].
Lemma 2.1. Let X be a group in V (B) Then, X" k algebraically compact iff X is .
algebraically compact in V@).
Proof. By the so-called maximal principle, any sequence x, (n E N) of elements of X in VCB) can be considered as a sequence of elements of X". Moreover, for ncN and XCX", n2(x iff ~t"(x in V (B) Hence, it is easy to complete the .
proof.
q Let X be a subgroup of Jp which contains 1. Then, X is algebraically compact iff X =Jp. Now, Jy' is algebraically compact iff Jp' is algebraically compact in VCB) by Lemma 2.1. The latter holds iff JpV = JP in V@). Since an element of JP is uniquely represented by a countable sequence of 0, 1, * . -, p -1, J," = JP in VCB) iff B is (w, 2)-distributive, which is a Boolean model-theoretic proof of [14, Proposition 41.
We investigate Boolean powers of other algebraical compact groups in connection with (0, K)-distributivity. Let fK = {f E Z": supp(f) is countable} and Cl% z = {f E H": supp(f) is finite} as usual. It is well-known that z"/Bo Z (=Z"/&, Z') is algebraically compact (due to Balcerzyk) and an essentially same proof shows that zIK/ eK B is also algebraically compact [20, Theorem 42.11. almost all y E (Z")n. This implies x E V", which is a contradiction. Now, we have proved that ALc) is not algebraically compact. Since Ai? is a summand of AiB), Ai') is not algebraically compact.
•! (2) An R-module version of Lemma 2.1 does not hold in general. We explain this fact precisely. Let ]IM is an S-modulel] = 1. Then, it is rather straightforward to prove that M" is an algebraically compact S"-module iff II&Z is algebraically compact I] = 1. (Here, M is said to be an algebraically compact S-module if any finite solvable S-coefficient system of equations is solvable in M.) Therefore, if (AR)" is algebraically compact as an R "-module in V@), then (A")" (ZAP)) is algebraically compact as an R-module. The converse does not hold in general and a counterexample can be given by a module over a certain Boolean ring, which are known as typical Boolean algebras appearing in [2, 3] and which can also be found in [28] . There exist cBa's B and C such that B is (w, m)-distributive, C satisfies the countable chain condition but IIC" is not complete]](B) = 1. By the (w, m)-distributivity of B, C' is countably complete in VcB) and hence CcB) is countably complete. Since C satisfies the countable chain condition, CcB) is an injective C-module and so is algebraically compact. As is well known and easy to check, a Boolean ring is selfinjective iff it is complete as a Boolean algebra. It is also easy to see that a Boolean ring is an algebraically compact module over itself iff it is selfinjective. Therefore, C" is not an algebraically compact C-module in V(B)
